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1. Introduction
Consider the n-dimensional Lotka–Volterra system
x˙i = xi
(
ri −
n∑
j=1
aijx j
)
, i = 1,2, . . . ,n, (1.1)
where xi(t) is the population size of the i-th species at time t , and x˙i denotes dxi/dt , the ri is intrinsic growth rate and x∗ is
the unique positive equilibrium of system (1.1). The global asymptotic stability problem of system (1.1) has been studied by
many authors. The typical method employed in the previous studies is to use the Volterra–Lyapunov Theorem [7,8,12,15,16].
When Volterra–Lyapunov Theorem is no longer valid, Zeeman and Zeeman [26] introduced the Computational Theorem to
these systems, Wolkowicz [24] showed in her examples that a positive equilibrium can also be globally asymptotically stable
when neither the Computational Theorem nor the Volterra–Lyapunov Theorem holds.
Criteria of both Dulac in R2 and Lyapunov functions in R3 were further developed by Busenberg and Van den Driess-
che [3] to rule out limit cycles. The new criteria by [3] were then borrowed by Van den Driessche and Zeeman [25] to the
analysis of global asymptotic stability issue. Arino et al. [1], Ballyk et al. [2], Li and Muldowney [17,18], Muldowney [21] and
Smith [23] modiﬁed the Bendixson criterion to study the global asymptotic stability for high-dimensional systems.
In this paper, the geometric approach [1,2,17] can be successfully applied to three-dimensional Lotka–Volterra systems
by using the time average property in Hofbauer and Sigmund [12]. This paper contains: statement of some conjectures of
global asymptotic stability problems in Section 2, explanation of geometric approach in Section 3, the results for global
asymptotic stability in Section 4, and some conclusions in Section 5.
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We known that the local stability of a positive equilibrium point x∗ of system (1.1) depends on the Jacobian matrix
diag (x∗)A. In order to ensure that x∗ is always stable, A should be a D-stable matrix. Here, a matrix A is a D-stable one
if for every diagonal matrix D whose diagonal entries are positive such that DA is stable. In [12], Hofbauer and Sigmund
proposed the following conjecture:
Hofbauer–Sigmund Conjecture. If the interaction matrix A is D-stable, then system (1.1) is globally asymptotically stable.
For n = 2, by using the Volterra–Lyapunov Theorem, this conjecture can be easily checked to be true. In another aspect,
they [11] have indicated that their conjecture is a special case of the well-known Markus–Yamabe Conjecture (Jacobian
Conjecture) stated below.
Consider a system of differential equations
x˙ = f (x), (2.1)
where f (x) ∈ Rn being a C1 function for x in an open set D ⊂ Rn .
Markus–Yamabe Conjecture. (See [20].) If f (0) = 0 and the eigenvalues of D f (x) all have negative real parts for each x ∈ Rn, then
x = 0 is globally asymptotically stable in Rn.
For two-dimensional case, this conjecture has been aﬃrmative proved independently by several authors [6,9]. For n 3,
the Markus–Yamabe Conjecture has been proved to be false in general [4]. However, it is still of interest to see how the
conditions can be strengthened so that the conclusion may still hold in the case n  3. In the spirit of the geometric
approach of globally asymptotically stable as stated in the next section, Li and Wang [19] formulate the following conjecture.
Li–Wang Conjecture. If f (0) = 0, (−1)n det(Df (x)) > 0, and μ(Df [2](x)) < 0 for some Lozinskiı˘ measure and for each x ∈ Rn, then
x = 0 is globally asymptotically stable of (2.1) in Rn.
For n = 2, the conjecture is equivalent to the Markus–Yamabe Conjecture [20]. Since the condition μ(Df [2](x)) < 0 rules
out the presence of any periodic orbits, homoclinic orbits, and heteroclinic cycles due to theories developed by Li and
Muldowney [17,18], to prove the conjecture for high-dimensional case, it remains to see whether its conditions can ensure
all solutions are forwardly bounded and x = 0 is the only equilibrium.
3. A geometric approach to the global asymptotic stability
A general mathematical framework of proving the global asymptotic stability is developed in the papers of Li and Mul-
downey [17,18], Muldowney [21], Arino et al. [1], Ballyk et al. [2] and Smith [23].
For system (2.1), denote by x(t, x0) the solution to (2.1) such that x(0, x0) = x0, the following two assumptions are made:
(H1) System (2.1) has a unique equilibrium x¯ in D;
(H2) There exists a compact absorbing set K ⊂ D .
Let x → P (x) be an (n2)× (n2) matrix-valued function that is C1 for x ∈ D . Assume that P−1(x) exists and is continuous
for x ∈ K .
Set
B = P f P−1 + P J [2]P−1,
where the matrix P f is
(
pij(x)
)
f =
(
∂pij
∂x
)T
· f (x) = pij · f (x)
and J [2] is the second additive compound matrix of the Jacobi matrix J , i.e. J = ∂ f
∂x . Generally speaking, for an n×n matrix
J = ( J i j), J [2] is an
(n
2
)× (n2) matrix (for a survey on compound matrices and their relations to differential equations, see
[13,21]) and in the special case n = 3, one has
J [2] =
[ J11 + J22 J23 − J13
J32 J11 + J33 J12
− J31 J21 J22 + J33
]
.
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μ(B) = lim
h→0+
|I + hB| − 1
h
.
Deﬁne a quantity q¯2 as
q¯2 = limsup
t→∞
sup
x0∈K
1
t
t∫
0
μ
(
B
(
x(s.x0)
))
ds.
It is shown in [17] that if D is simply connected, the condition q¯2 < 0 rules out the presence of any periodic orbits,
homoclinic orbits, and heteroclinic cycles. Moreover, it is robust under C1 local perturbations of f near any non-equilibrium,
that is nonwandering. In particular, the following result is proved in [17].
Theorem 3.1. Assume that D is simply connected and that the assumptions (H1) and (H2) hold, then the unique equilibrium x¯ of (2.1)
is globally asymptotically stable in D if q¯2 < 0.
4. The main results
Based on the approach described in Section 2, we consider the global asymptotic stability of a three-dimensional Lotka–
Volterra system
x˙i = xi
(
ri −
3∑
j=1
aijx j
)
, i = 1,2,3, (4.1)
where ri =∑3i=1 aij , aii > 0.
It is evident that system (4.1) has a unique positive equilibrium xˆ= (1,1,1). From [12, p. 162], we have
Lemma 4.1. (See [12].) If system (4.1) is permanent, then for each x in the interior of R3+ , the solution x(t) satisﬁes
lim
t→+∞
1
t
t∫
0
x(s)ds = xˆ. (4.2)
Here, xˆ= (1,1,1).
Our main results are as follows:
Theorem 4.1. If ai j  0, max{r1, r2, r3} <∑3i=1 aii and system (4.1) is permanent, then system (4.1) is globally asymptotically stable.
Proof. The Jacobian matrix J (x) = ∂ f
∂x associated with a general solution (x1(t), x2(t), x3(t)) is
J (x) =
[ h1(x) −a12x1 −a13x1
−a21x2 h2(x) −a23x2
−a31x3 −a32x3 h3(x)
]
.
Here h1(x) = r1 − 2a11x1 − a12x2 − a13x3, h2(x) = r2 − a21x1 − 2a22x2 − a23x3 and h3(x) = r3 − a31x1 − a32x2 − 2a33x3. The
second additive compound J [2](x) of J (x) is
J [2](x) =
[h1(x) + h2(x) −a23x2 a13x1
−a32x3 h1(x) + h3(x) −a12x1
a31x3 −a21x2 h2(x) + h3(x)
]
.
Set
P (x) = P (x1, x2, x3) = diag
{
1,
x2
x3
,
x1
x3
}
,
then P f P−1 = diag{0, x˙2x2 −
x˙3
x3
, x˙1x1
− x˙3x3 } and matrix B = P f P−1 + P
∂ f
∂x
[2]
P−1 takes the form
B =
[ H1(x) −a23x3 a13x3
−a32x2 H2(x) −a12x2
a31x1 −a21x1 H3(x)
]
with H1(x) = h1(x) + h2(x), H2(x) = h1(x) + h2(x) + a22x2 − a33x3 and H3(x) = h1(x) + h2(x) + a11x1 − a33x3.
594 G. Lu, Z. Lu / J. Math. Anal. Appl. 389 (2012) 591–596The vector norm | · | in R3 ∼= R(32) can be chosen as∣∣(u, v,w)∣∣= {|u| + |v| + |w|}.
The Lozinskiı˘ measure μ(B) with respect to | · | can be estimated as follows (see [22]):
μ(B) sup{g1, g2, g3},
where g1 = H1(x) + x2a32 + a31x1, g2 = H2(x) + a23x3 + a21x1 and g3 = H3(x) + a13x3 + x2a12.
It can be checked that
gi 
3∑
j=1
x˙ j
x j
+m(x) + ri
with
m(x) = −a11x1 − a22x2 − a33x3.
Since system (4.1) is permanent and max{r1, r2, r3} <∑3i=1 aii , then from Lemma 4.1, we have
lim
t→+∞
1
t
t∫
0
m
(
x(s)
)
ds = −
3∑
j=1
a jj < 0,
thus it follows that for any ε > 0, there exists a T > 0 such that for t > T ,
−
3∑
j=1
a jj − ε  1
t
t∫
0
m
(
x(s)
)
ds−
3∑
j=1
a jj + ε.
Thus if r = max{ri}, we have
μ(B)
3∑
j=1
x˙ j
x j
+m(x) + r.
Now for t > T , we have
1
t
t∫
0
μ(B)ds 1
t
t∫
0
3∑
j=1
x˙ j(s)
x j(s)
ds + 1
t
t∫
0
m
(
x(s)
)
ds + r
 1
t
3∑
j=1
T∫
0
x˙ j(s)
x j(s)
ds + 1
t
3∑
j=1
t∫
T
x˙ j(s)
x j(s)
ds −
3∑
j=1
a jj + ε + r
= 1
t
3∑
j=1
T∫
0
x˙ j(s)
x j(s)
ds + 1
t
3∑
j=1
(
log
x j(t)
x j(T )
)
−
3∑
j=1
a jj + r + ε
< −b
2
< 0
with b =∑3j=1 a jj − r for all (x1(0), x2(0), x3(0)) ∈ K which in turn implies that q¯2 < 0. Thus by Theorem 3.1, system (4.1)
is globally asymptotically stable.
This completes the proof of the theorem. 
Let
yi = ln xi, (4.3)
then system (4.1) becomes
y˙i = ri −
3∑
aije
y j , i = 1,2,3.j=1
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x˙i = ri −
3∑
j=1
aije
x j , i = 1,2,3. (4.4)
Theorem 4.2. If aii > 0 (i = 1,2,3), Li–Wang Conjecture holds true for system (4.4).
Proof. The Jacobian matrix J (x) = ∂ f
∂x of system (4.4) associated with a general solution (x1(t), x2(t), x3(t)) is
J (x) =
[−a11ex1 −a12ex1 −a13ex1
−a21ex2 −a22ex2 −a23ex2
−a31ex3 −a32ex3 −a33ex3
]
. (4.5)
The second additive compound J [2](x) of J (x) is
J [2](x) =
[−a11ex1 − a22ex2 −a23ex2 a13ex1
−a32ex3 −a11ex1 − a33ex3 −a12ex1
a31ex3 −a21ex2 −a22ex2 − a33ex3
]
. (4.6)
Since by assumption μ( J [2](x)) < 0, which leads to J [2](x) being stable, thus from Theorem 3.2 in [19], we have that
J (x) is stable for each x ∈ R3 which implies that A = (−aij)3×3 is D-stable, from [12, p. 201], we obtain that system (4.1) is
permanent, the transformation (4.3) leads to system (4.4) being permanent, thus (H2) holds. Therefore, Theorem 3.1 ensures
that system (4.4) is global asymptotic stability. This completes the proof of the theorem. 
5. Conclusions
In this study, geometrical criterion, developed by Li and Muldowney [1,2,17] and time average property given in [12] to
Lotka–Volterra system are applied to evaluate their global asymptotic stability.
If condition max{r1, r2, r3} <∑3i=1 aii in Theorem 4.1 does not hold, system (4.1) can possess limit cycles. For example,
in [10,14], the authors have considered three-dimensional competitive system (4.1) which belongs to class 27 in Zeeman’s
classiﬁcation [27] and is permanent. In [14], r = max{r1, r2, r3} > 15.89 > ∑3i=1 aii = 9, the system has three limit cycles.
In [10], r = max{r1, r2, r3} > 10.32 >∑3i=1 aii = 9, the system has four limit cycles.
Under the transformation (4.3), system (1.1) is changed to be
x˙i = ri −
3∑
j=1
aije
x j , i = 1,2, . . . ,n. (5.1)
Here, we use xi instead of yi . From the proof of Theorem 4.2, we have known that the Lozinskiı˘ measure μ( J [2](x)) < 0
of (5.1) implies that the interaction matrix A of (1.1) is D-stable, therefore, Hofbauer–Sigmund Conjecture for Lotka–Volterra
system (1.1) implies Li–Wang conjecture for transformed system (5.1).
Although we give some criterions of global asymptotic stability for Lotka–Volterra system, the global asymptotic stability
problems are still more diﬃcult to solve, even for Hofbauer–Sigmund Conjecture with n = 3. We have proved Li–Wang
Conjecture for the transformed system in n = 3, but for n 4, it is still very diﬃcult, we leave this as our future topics.
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